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PREFACE. 



This little book, in ita ori^oal shape, was a paper written for the 
American Society of Citil Ekginbeks, and was prompted b; the 
author's design of the Quinnipiac Bridge, at New Haven, Conn., and by 
his employment in testing a design for the Eastern Avenue bridge, in 
Boston, Mass. It has been thonght that in its present shape it may 
be of some nse to students in engineering construction ; to experts also, 
on the subject of continuous ^rdera, at home and abroad, so much of the 
work as relates to subjects, that, it is believed, are here for the first Ume 
treated, it may not be without interesL In this connection, the author will 
refer only to his method of first calculating continnous girders for given 
reactions, and then weighing off these same reactions to act under the 
girders in setliiig them up on their supports ; to those parts of the book 
that treat of the extension of this idea to the calculation of continuous 
girders, by first dividing, up the total load into parts that make certain 
reactions =iO, and those that act on the girder as though it were contin- 
uous over all its supports ; and to the cases in which two supports are 
ihemselves carried and pivoted upon a third support. 

CLEMENS HEESCHEL. 
BosTon, Juiaarj 3T, ISTS. 
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CONTINXJOUS, 



REVOLTING DRAWBRIDGES. 



Firtt principles f then ndea. 

In order that the human intellect may approcuh the perfect answer in any physical investi- 
ffotion, there is necessary the combined application, each in its proper proportion, of 
three instruments: mcUhematics, experiment, and a lueU-halanced, trained, common" 
sense judgment. 

Intbopuctory. — The choice of subject above presented probably needs 
DO apology, before an audience of American engineers. After having neg- 
lected the construction of continuous fixed spans, with probably good reason 
in the majority of cases, as we shall see, but on the other hand carried the 
construction of certain kinds of single fixed spans (Unk-bridges) to a degree 
of perfection and size hitherto unknown, American engineers have suddenly 
been brought face to face with the problem of continuous spans, by the 
abandonment of the old form of drawbridge, whose ends are suspended 
from a central tower by chains or rods, and the adoption of the continuous 
form of truss for such structures. The number of drawbridges of this latter 
class is steadily increasing, and some of them have already attained a mag- 
nitude of span never before attempted ; yet it is a painful fact that, in the 

* The word " drawbridge " will, in this paper, be nsed only in the sense of one of that species 
of drawbridges that are made to reyolve around a yertical axis situated between their ends. 



calculation of the strains in continaoas drawbridges, nnsnpported opinion 
and ''good enongh" approximations have often had a controlling yoice; 
whereas such guides are evidently out of place in engineering or in any other 
physical science. And it is, perhaps, only a natural consequence of this that 
there are many unpleasant rumors (facts are difficult to arrive at in such 
cases) as to the unsatisfactory performances, wear, and life of n:aDy of the 
great drawbridges of the country, both of the old and new styles. 

The subject is therefore submitted as one of practical and ample pecun* 
iary interest to the profession and to their employers. 



PART I. 

§ 1. History of the Theory of CoNTiNuons Girders. — The calcu- 
lation of continuous girders commences with Navier, about 1830, who, it is 
believed, first propounded the theory of the ** elastic line ; " that is, the curve 
i or form which the neutral axis of a body, following the laws of elasticity, 

I would assume upon being supported by any number of fixed supports, which 

were first taken as being all on the same level, and then acted upon by a 
-^ series of vertical forces or loads. Navier showed how, from the equation of 

this curve, could be deduced the reactions at each support, the value of the 
moments over the supports and generally along the line, &c. Still, his 
method led to somewhat laborious calculations, and was therefore but little 
used, until in ^December, 1857, a French engineer, Clapeyron, published, in 
the ^^ Comptes Bendus,'' an improvement on the method of Navier, which 
consisted in finding primarily the moments over each support, and then de- 
ducing, from the moments so found, the reactions sought for. Clapeyron's 
equations required that : 1. The load be uniformly distributed on each span. 
(The several spans may, however, have different loads.) 2. The supports 
must all be situated on one and the same level. 8. The moment of inertia 
of the cross-section of the girder, referred to the neutral axis, must be con- 
stant. Other assumptions made by Clapeyron, but which are common to 
all the theories of the elastic line, before and since his day, will be spoken 
of further on. 

The publication of Clapeyron's article seems to have given a great im- 
petus, in France and Germany at least, to the investigation of the properties 
of continuous girders, and speedily led to the extension of the theory of the 
elastic line to the cases where the supports are not on a level,* to investiga- 

* First noticed by C. K.dpke to " Zeitscbrift des Arobt. & Ing. Yeroins zu Hannover," 1856. 
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tlons as to the effect produced by such a change of level in the supports, &c. ; 
and much has since been written in French, Germani and EngUsh * technical 
journals, and other publications, with some books partly or wholly on this 
subject. [See the list given in the Appendix.] 

It is characteristic, however, of all the books and articles that appeared 
on this subject, between 1860 and 1873, that they severally treat of special 
cases only, at least what in the light of the most recent workf appear as 
only special cases. Thus Mohr develops the properties of girders, contin- 
uous over two or three spans of any relative length, for uniformly distributed 
loads, with the supports on a level, or raised or lowered certain known 
quantities, and for girders of varying section. Laissle and Schuebler do 
nearly the same ; while Quensel gives the equations for concentrated loads, in 
girders continuous over two spans, when both spans are equal. 

It was the first intention of the writer to add to these cases, by develop- 
ing the equations for concentrated loads, on a girder, continuous over two 
spans, when the spans are unequal and the supports either in or out of level ; 
which then seemed the only set of equations needed to meet the general case 
here treated of, — a continuous girder drawbridge, loaded and supported in 
any manner. { All such partial investigations have been set at rest, how-' 
ever, by the recent work of Weyrauch, previously referred to, which, in the 
language of the preface, presents a complete ** theory of straight girders, 
continuous over any number of openings from 1 to oo, and for any kind of 
concentrated or regularly or irregularly distributed loads." It even treats 
the single span girder as but a special case of the general subject above pre- 
sented. Following a work as exhaustive as this, there remains but little to 
be done in the way of generalization ; and it has been freely used in deduc- 
ing the equations needed to calculate the reactions at the several points 
of support of a drawbridge. 

The general equations thus taken from Dr. Weyrauch's book, the special 
equations then derived from them, and their mode of derivation, will be 
found in Part II. 

§2. The Practice and Theory op the Elastic Line. — It is time 
now to speak of the value of all these investigations, of the assumptions 
upon which they rest, and in how far we can judge or know tiiat the results 
obtained represent the exact truth. 

* The writer cannot state as to works in other than these three languages. 

t The work by Dr. Jacob I. Weyrauch cited In the Appendix. 

t However, this would not have met the whole case, as will presently appear ; for usually 
the dra:wbridge, owing to its being supported at tux> points at the centre, becomes a girder con. 
tinuoufi over four supports, or of three spans instead of two. 



The theory of the " elastic line," together with the long train of inyeati- 
gationa that haa grown from it, rest npon eertun aasnmptiona to be foond 
in moat theories of flexore, and rery fully set forth in the work to which 
reference haa just been made. In order that a bridge structure should 
exactly conform to these assumptions: 1. Every member and every part of 
every member would have to extend or compress strictly equal distances by 
the application of equal steains per unit of section. 2. If the girder were laid 
over on its side, — that is, not be acted on by what ordinarily are its vertical 
forces, — every part of it would have to be without any strain whatever. 
8. When set up, no part of it must in the slightest yield otherwise than 
according to 1. 4. Should it act as a continuous girder on supports that 
are on a level, its actual supports must, when the bridge is set up, conform 
strictly to the profile of the bottom of the bridge when it is in condi- 
tion 2. This is a point of some importance, as will appear; and it is well 
perhaps at once to clearly catch the idea of what is meant by ** supports on 
a level" and '^supports so and so much out of level," speaking after the 
manner of continuous girders. In point of absolute level, the supports may 
all be on a different grade and yet react as supports that are on a level, if 
the girder, when without strain or when it is acted upon by the calculated 
theoretical reactions, has an under profile fitting to this broken grade line 
of the supports ; and, if mention should be made of such a support being 
lowered so much out of level, it would mean, lowered so much from this 
primary grade line, &c. 5. In the theories generally given it is assumed 
that the moment of inertia of the cross section of the girder referred to the 
neutral axis is a constant. There are, to be sure, methods for calculating 
the reactions, moments, and strains in girders whose cross sections, and 
therefore moments of inertia, vary by steps, or according to known gradual 
increments or decrements, accurately as well as approximately, but they are 
both so laborious as to make their use unwarranted, save in rare cases ; and 
even then the uncertainty and approximations inherent to the theory in 
general are not removed by this additional accuracy of taking into account 
these variations. It is safe to affirm, namely, that in actual practice none of 
the conditions 1, 2, 3, and 4 ever strictly obtain. Under 1, different pieces 
of iron do not extend and compress strictly as the strains upon them ; each 
separate plate, angle, T? ^^ channel will vary more or less in this respect 
within its own length and each with the other. 2 is a condition which must 
be different in different forms of construction, link or riveted, or nut and 
rod, and is probably never absolutely attained in practice. 3 depends on 2 
in the first place, and even starting with 2 perfectly attained it is just as 



reasonable to suppose that more or less members will yield somewhat, no 
matter how little, other than by extension or compression of the material 
they are composed of, as that they will not at all, especially on being first 
brought into action; and, again, that different forms of construction will act 
differently in this respect. 4 is a condition of which, ordinarily, really 
nothing is absolutely known; it is of .the more importance, as very small 
changes of level produce a great increase or diminution of strains. How 
this condition may be regulated will be shown farther on. 5 has already 
been discussed. 

There would seem to be, therefore, no particular reason why we should 
give implicit faith to the results of the theories based on that of the elastic 
line, any more than we do to those derived from theoretical hydraulics; we 
can, on the contrary, as a matter of judgment, gravely question their 
accuracy, and, so far as known to the writer, there are yet wanting any 
experiments on finished structures from which coefficients of correction, 
such as are indispensable in the science of hydraulics, coidd be deduced to 
apply to the science of bridge-building, more particularly to that of con- 
tinuous girders. 

Another difficulty lies in the form of the equations presented to the 
engineer for calculating the dimensions of a desired girder. If the supports 
are not **on a level,'* or if it is desired to apply the more exact formulae, 
which make allowance for the variations in the cross section of the chords, 
it will be found that these very equations already contain the desired dimen- 
sions, algebraically of course. There is then nothing left to do but to apply 
the method of successive approximations; that is, first to find the dimensions 
as well as may be, introducing the value of the dimensions sought in the 
equation used to find them, according to the best judgment of the calculator, 
then from the structure so designed to start anew. There is no desire here 
to overrate the deficiencies of the system as it stands developed to-day, nor 
to conceal the fact that multitudes of bridges have been built in accordance 
therewith and are doing good service. The question that remains is: inas- 
much as the formulae do not give exact mathematical results, how near are 
they to the truth for various kinds of bridges or what are the coefficients of 
correction? Happily, much uncertainty could be eliminated, and the two 
last described calculations dispensed with, were the method of weighing off 
the actual reactions of the finished bridge once substituted for that of calcu- 
lating the proper position or level of the supports, in order that certain 
reactions might be obtained. To arrive at this method in the development 
of the proper manner of calculating drawbridges seems Very natural, but it 
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is nevertheless somewhat puzzling that, with the great care and expense 
applied to the erection of the numerous continuous girders that have been 
built in France and Germany, this simple method should not have been 
thought of and practised rather than the uncertain one of calculating 
minute differences of level of the supports, and then attainiug them as 
nearly as possible. 

To illustrate, take a girder of uniform section, uniformly loaded, of two 
equal spans, supported on three supports all on a level. 




Aj Bj C, are the reactions, q the weight per unit of length, therefore 
from 49 and 50,* -4 = C = | g?, 5 = ^ ^/, when all the conditions of a 
continuous girder are fulfilled. But if A and C are each lifted up by a lever 
or set of levers (the levers ultimately to be kept in position by, say a spring 
dynamometer) or by any other weighing apparatus more or less approxi- 
mate, f until these scale beams read | ql, and permanent wedges are then 
driven under A and C until the spring dynamometers or temporary supports 
return to indicate 0, we shall be certain that we have left the girder acting 
as a theoretically perfect continuous girder, under that load at least. Again, 
if the reactions left under the girder were only those for which it had 
been calculated, it would be a correctly designed structure, no matter 
whether these reactions were those theoretically due to a continuous girder 
on level supports or on supports to a certain degree out of level. For a load 
qi on one span, and q^ on the other, the theoretical reactions on level sup- 
ports would be (46 — 48) — 

^ = jg (7?i — ?i), ^ = 30 fe+^-O, C^j^ (7q,— q0, 

and further experiment would show whether the same girder, reacting 
theoretically perfect under the one kind of load, did so under the other 
kind also, or, if not, what were the actual reactions. From a series of such 
tests, valuable practical data would speedily be obtained; and in the mean 



* See eqaations in Part II. 

t A good hydraulic press that had previously been experimented with and duly rated would 
make a convenienr nnd direct weighing machine. 



while girders would have to be so supported that they should receive the 
proper reactions when under the loads which produce the most frequently 
occurring maximum strains. 

§ 3. Some Properties of Continuous Girders. — Before proceeding 
to speak specifically of only continuous drawbridges, it may be well to 
become more fully acquainted with some of the properties of continuous 
girders in general. One of their most remarkable* characteristics is the 
efEect they undergo by being supported on supports which are not ** on a 
level." The equations that give the reactions, maximum moments, &c., 
under these conditions, all contain the moment of inertia of the girder cross 
section and the ordinates below a level line of the several points of support. 
Likewise, with given sections of girder, spans, and loads, may be found the 
ordinates of supports that will produce desired strains and moments. See 
equations 32-34 containing the term F, or 59-62 containing F^ and F2, and 
others. A large part of most treatises is taken up with the calculation of these 
special ordinates; that is, ordinates producing special strains and moments, 
and the result of some of these calculations it will be instructive to look over. 
It is proposed in this paper to make no use of any formulae containing the 
terms Y — that is, the ordinates of the support and the moment of inertia of 
the girder cross section^ — for several reasons: 1. to abbreviate calculation; 
2. because these ordinates cannot be measured practically with the nicety that 
the equations demand, — thousandths of a foot in difference of level usually 
make tons of difference of reaction and many tons' difference of strain; 3. be- 
cause the introduction of these terms, as has been stated, fits the equations 
indeed for finding the strains in a designed girder, but not for finding the 
correct dimensions of a girder about to be designed; 4. because by directing 
Our energies toward a different object — the weighing of reactions — more can 
be achieved in the investigation of the same subject. In the present state of 
the science of continuous girders, certainly the value of the deductions 
about to be given lies rather in the warning they offer as to the effects 
of accidental or unknown differences of level of the supports, than in 
the use to be made of them and the formulae they are derived from, in the 
designing of new works. The following tables, I. for two spans and II. for 
three spans, are taken from the work of Laissle and Schuebler, and will 
explain themselves. The object aimed at is to make the cross section of the 
chords as nearly uniform as possible; that is, equal in maximum in each 
span to what it is over the centre support in the case of two spans, and 
equal in all three spans to what it is over the centre supports in the case of 
three spans. 
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Tablb I. {fvr 2 Spani). 



Length in ft. of each [ 
span ) 


23. 


32.8 


49.2 


65.6 


98.4 


131.2 


196.8 


328. 


Ratio ^- 


i 


+ 


1 
5.3 


1 
4.5 


1 
• 8.6 


i 


1 
2.6 


1 
1.9 


The snpportB 
level. 


Max. moment 
in the 2 spans 

Max. moment 
over the cen- 
tre pier .... 

1 


0.0927 
0.125 


0.0919 
0.125 


0.0906 
0.125 


0.0897 
0.125 


0.0682 
0.125 


0.0668 
0.125 


0.0851 
0.125 


0.08199^ 
0.125?^ 


Hi 

m 


Max. moment 
at centre sup- 
port and in 
the two spans 


0.1026 


0.1019 


0.1011 


0.1004 


0.0994 


0.0983 


0.0970 


O.O94G9P 


Centre t 
vantage 


Depression in 
ft. of centre 
support SB . 

k 


0.0111 


0.0164 


0.0247 


0.0357 


0.0663 


0.0815 


0.1262 


0.2468 



Tablb II. (for 3 Spans). 



Length of 

middle 

span in ft. 

= /,. 


I 


i 


1 


t 


f 


i 


A 


1 




11 
1 


8 — 


0.00042^3 


0.00119^2 


0.00148/, 


0.00171/, 


0.00205/3 


0.00182/. 


0.00092/. 




i 


— 


0.00039 


0.00100 


0.00123 


0.00142 


0.00169 


0.00165 


0.00083/. 


574 


i 


— 


0.00037 
.2123 


0.00093 
.6338 


0.00114 
.6643 


0.00132 
.7676 


0.00153 

.8782 


0.00146 
.8380 


0.00078/,or 
.4477 ft. 


828 


i 


— 


0.00035 
.1148 


0.00082 
.2690 


0.00100 
.3280 


0.00115 
.3772 


0.00133 
.4362 


0.00132 
.4329 


0.00072/aOr 
.2379 ft. 


230 


1 


m m 


0.00033 
.0759 


0.00076 
.1718 


0.00092 
.2116 


0.00106 
.2438 


0.00123 
.2829 


0.00123 
.2829 


0.00068/.or 
.1664 ft. 


148 


i 


-^ 


0.00032 
.0473 


0.00072 
.1065 


0.00087 
.1287 


0.00100 
.1480 


0.00115 
.1702 


0.00119 
.1761 


0.00064/.or 
.0947 ft. 


82 


i 


— 


0.00031 
.0254 


0.00066 
.0541 


0.00080 
.0666 


0.00092 
.0754 


0.00106 
.0869 


0.00111 
.0910 


0.00063/.or 
.0517 ft. 


60 


i 


— 


0.00031 
.T)186 


0.00064 
.0384 


0.00078 
.0468 


0.00089 
.0634 


0.00102 
.0612 


0.00108 
.0648 


0.00063/3or 
.0378 ft. 


40 


\ 


— 


0.00030 
.0120 


0.00061 
.0244 


0.00073 
.0202 


0.00082 
.0328 


0.00099 
.0396 


0.00104 
.0416 


0.00059/.or 
.0236 ft. 


25 


i 


^ 


0.00030 
.0075 


0.00059 
.0147 


0.00071 
.0177 


0.00079 
.0197 


0.00093 
.0242 


0.00101 
.0252 


0.00053/.or 
.0132 ft. 



, In these tables : 

p = own weight per f t. , q = live load per ft. , 

/ = span in ft., both spans equal in Table I., two outside ones equal in 
Table II. 

4 = span in ft. of middle span in Table 11. 

The height of the truss is supposed to be ^ of / and ^ ~-^ for 

Tables I. and II. respectively, with a strain of about 8500 lbs. per Q' in 
the chords. 

Mr. Mohr, in his article, 1860, finds for a strain of about 8,400 lbs. 
per Q inch, two spans, height ^ of span, modulus of elasticity = about 

29 million lbs. per Q inch: 1 -f- 2 == 1 -|- 51 -|, where z is percentage of 

/v 

strain in the chords at centre, due to lowering of centre support, y is 
amount of such lowering, and h is the height of girder, both expressed 
in same unit of length. We find, therefore, that for a lowering of the 
centre support equal to -g^^ part of the height of the girder, the strain in the 
chord at the centre is already doubled. 

Similarly^ for three equal continuous spans, the same admirable writer 

finds 1 + = 1-1-69 7^, where r = -^. — , , , each per unit of length. 

^ 7 — r ^ h' hve load ' ^ ^ 

Such a girder would therefore require thab the central supports should be 
only ^ of the height of the girder lower than the outside ones, or that the 
bridge, when laid on its side and every member without strain, should have 
a crown at the points where it will rest on the centre supports, above a 
straight line connecting its two end-supported points of ^^ of the height of 
the truss, in order that it receive a strain in the chords over the centre sup- 
ports of 2 X 8,400 = 16,800 lbs. per Q inch. Only half the described devi- 
ation of level in the piers, taken in conjunction with half the described crown 
of the bridge, will produce a like effect. 

For small bridges^ especially^ the measurements of level required to properly 
mount a continuous girder are practically unattainable,* and the advantage 
to be derived from lowering the centre supports is completely swallowed 
up in the disadvantages resulting from accidental or unknown changes 
of level. The most advantageous level for the central supports of a three- 
span continuous girder, as compared with three single spans, will result in 
a saving of some 18 — 39% of chord sectiou ; but an equal disadvantage 

* It may not be ont of place to call attention to the fact that thia. difflcnlty decreases for 
largn spans, a\.d again to note that it can always be entirely avoided by weighing the reactions 
instead of measuring the relative level of the supports. 
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arises from a variation of level in the points of support of -rf^if^ to -rf^^t 
that is, for small bridges of y^^ and for larger ones o£ -^Jf of their own 
height. 

An endeavor to calculate continuous girders, without having recourse to 
the measurement of the distances the several supports are '* out of level," 
would therefore seem to be well warranted. The same remark is less true 
as regards omitting the consideration of variations in the moments of iner- 
tia of the chord sections. The time for this additional approximation will 
come, when we shall have obtained coefficients of correction from experi- 
ments with many kinds and qualities of finished bridges. It will be to 
these last, most nearly correct formulae, that the coefficients will have to be 
applied. At present, the methods to which this paper has been limited can 
gain but little additional accuracy, by having regard to variations of the 
moments of inertia, so long as they contain the relatively equal inaccuracy of 
being without practical coefficients of correction. In the mean while it is 
gratifying to find that calculating without regard to moments of inertia of 
the chord sections is of the less importance the more nearly the actual sections 
are made exactly proportional to the strains in them. For the mathematical 
case, where the above proportion is exactly obtained, Mr. Mohr finds for two 
equal continuous spans, uniformly loaded: — 

M^ = 0.146 ql^ = moment over the centre pier, 

A ^ 0.354 ql = reactions at ends, and 

ilf' = 0.06215 ql} = maximum moment in each span, when the change of 
moment of inertia is taken into account; and, as is well known, 

il/2 = 0.125^^, 

A = 0.375 9^ 
and M' = 0703 ql^, neglecting the same. 

Similarly, for three equal continuous spans, uniformly loaded, the mo- 
ment over the central piers, the reactions at the ends, and the maximum 
moments ia the first and third and middle spans are found for the two cases 
of varying and of uniform moments of inertia : — 

filfa =0.1009/*, 
A = 0.400 ql, 



3fa =0.1067 



A =0.3933 9/, 
3f' =0.0773^/2^ 
Jlf" = 0.0183 5/», J 



- and ' 



M' = 0.080 qt^, 
I M" = 0.025 qJ** 



§ 4. Loads and Reactions op Continuous Drawbbidoes. — 
Pivot drawbridges, when constructed as link-bridges, usually have two 

* See also the article by J. W. Schwedler, 1862, p. 277, cited in Appendix. 
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centre posts at equal distances each side of the pivot or centre. Indeed, 
whatever the construction of the girder, two support-s at the centre will be 
the rule, and one only, exactly at the pivot, the exception. In the latter 
event, the formulae for two equal and those for two unequal spans, for the 
several kinds of loading, will give the reactions for any case that may arise. 
It is proposed to discuss in full only the more difficult case of two centre 
supports, in the course of which the other and less usual case cannot fail to 
be likewise sufficiently elucidated, the more so as the two have many points 
in common. Take, first, the supposition of symmetrical loading only; that 
is, loading such that no tendency to pivot at the centre exists, and let us see 
the efEect on the truss, of the several possible levels of the end supports as 
referred to that of the two centre ones. The former couple can always, and 
the latter two can for all cases of symmetrical loading, be considered as 
though on a level. 

Case /. The bridge open and loaded with snow. In Southern climates, 
and in those cases of railroad bridges that have no flooring, the snow load 
may of course be omitted. In this latitude (40° and above) and for highway 
bridges it cannot be overlooked. The end supports are wanting, the bridge 
being open, and we have a girder resting on two supports only; and the 
reactions at each must necessarily be equal to half its own weight, plus the 
weight of the snow on half its length. 

• Case II. The bridge shut and loaded with snow plus the maximum live 
load. It will be evident that the reactions at the four points of support 
depend now very much on their relative levels. If the end supports are 
wanting, — one extreme case, — the girder would be in the same condition as 
when open, as regards support, but subjected to the maximum loading; if 
the end supports were lifted so high as to lift the ends of the girder higher 
than the two central supports, by an amount exceeding or just equal to the 
deflection of the girder, acting as a single span-bridge between the two end 
supports when subjected to the moving load, — the other extreme case, — it 
would of course act as such a single span girder alone, and undergo a strain 
at the centre equal to what it would in Case /., under an equal load and wore 
there only one central support, but with a general reversal of the directions 
of all strains. Both these cases are, however, practically out of question, 
and exist only as logical possibilities ; * but between them lie an infinity of 



* Tho first Is too outrageous a case of wrong for eyen an unconscientious draw-tender to 
permit; tlie other could bo pi^evented by not furnishing said draw-tender with any apparatus 
to lift the bridge off its centre supports. In the case of railroad drawbridges whose ends a<« 
Intended to be lifted, the passage of trains before such Ufting has taken place may effectually 
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sapposable cases. Having eliminated from the discussion the consideration 
of measured differences of level of the supports, and substituted therefor that 
of the actual weights of the reactions, we next eliminate this latter by con- 
sidering only the several cases when the end reactions are just equal to 0* 
It will readily be seen, therefore, that for the case in hand, a bridge loaded 
with snow and a live load, the reactions at the ends may be made = 0: when 
the bridge is empty, when loaded with snow, or when loaded at its maxi- 
mum, though this last brings us again to one of our suppositions that may 
practically be neglected. Or any given number of tons or lbs. per unit of length 
or panel may be considered as acting on the girder continuously, and the balance 
will be supported at the central points, which is equivalent to saying that, when 
loaded with this balance, the skeleton outline of the girder will endure no reac^ 
tions at the ends. It is evident that, by thus dividing up the loading into two 
parts, one acting on the girder continuously, the other supported at the two 
central points alone, the total reactions at the four several points can in all 
cases be obtained. 

Another way to explain this process of finding the total reactions by first 
finding the reactions due to certain elements of the loading is this; and the 
remarks above, relative to what constitute ** level supports," and what 
** supports out of level," speaking after the manner of the elastic line 
theory, must be borne in mind in this connection. Take, first, the girder 
loaded with any part of the total load q, and the end supports then brought 
just into contact with the ends of the girder. For all future loads, the reac- 
tions will be the same as those due a straight girder on level supports; in point 
of fact, it is a curved girder on supports just fitting it, which amounts to the 
same thing. Sometimes the strains in each member have been calculated in 
parts, due to different loads, and these then summed up ; the plan sub- 
mitted of summing up only the reactions in parts, and then getting the 
strains of members at one operation, is generally to be preferred. 

A practical choice, for the present, will be to suppose the end reactions 
equal to or end supports barely in contact, when the bridge is empty. It 
will shut a little hard in that case, when loaded with snow; but, as the draw 
is opened least about the time that heavy snow-storms occur, this will only 
be taking advantage of a convenient provision of nature, and not working 



be prevented by connecting the signal that the bridge is ready for travel with the bolt that bolts 
the draw ends into the fixed bridge, and then arranging this bolt so that it cannot be shut until 
the draw ends are lifted. Still, the ingenuity with which such labor-involving contrivances 
are sometimes circumvented is fully equal to that which produced them. 

• Attention is here called to the three widely different cases of having a reaetion « 0, tkplut 
or a minvs quantity. 
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against one. Certain drawbridges, as will appear, have the end's raised 
before being subjected to travel ; but even for such it is proper, unless the 
draw-tenders are under rules no whit less strong than military rules, to 
allow for the case where travel goes upon the bridge before the draw-tender 
has lifted or sufficiently lifted the ends of the draw; in other words, always 
to take the reactions at the ends for the empty bridge just equal to in 
calculating Case IL We shall have, then, the reactions at the ends due to 
a load equal to the live load of the bridge -|- snow load acting on a girder 
continuous over four supports, or to be derived from equations 51-76, 
for the several kinds of loading and proportions of length of spans one to 
the other. To the centre reactions derived from these equations, add the 
weight of each half girder, to get the total reactions at the two central 
supports. 

These two, /. and //. , constitute all the cases of symmetrical loading, and 
we next take up the more numerous cases of unsymmetrical loading. This 
leads at once to a discussion of the manner of support of the two central 
supports (of the nature of the turtle, that is under the elephant, that sup- 
ports the world) . We shall distinguish two sub-cases : (a) when the two 
central supports remain firm, the same as though they rested upon a solid, 
inelastic, stone pier, or as though the draw took bearing upon the circular 
girder, which in turn rests upon the "live ring"; and (6) where the live 
ring is not considered as ofEering support, and the whole weight is thrown, 
by suitable framing, upon the centre pivot.* It will be readily seen, also, 
that any deflection that may occur in this ** framing " maybe neglected: we 
have but to lower the end supports an amount equal to this deflection, to 
render it entirely nugatory. 

For equal outside spans, which alone it will be necessary to discuss, 
(unequal spans are treated just like equal ones, only that the short span is 
loaded with concentrated loads sufficient to balance its deficiency of own 
weight), there will arise twelve different cases of unsymmetrical loading, 
belonging under (a) and (6) to three different styles of drawbridge, and 
according as the snow load is considered or not. We find, namely, that for 
unsymmetrical loading, load on ^m (m is point at centre of bridge) whether 
sub (a) or (6), we very often get the reaction at D first =0, then a minus 
quantity. That is, in the latter event, in order that the elastic line shall 
remain in contact with the end support opposite to the loaded side, the light 
end must be weighted or force of some sort must be applied to keep it in 

* In some drawbridges the centre pivot is used only as an axis of rotation, never as a sup- 
port; in such, of course, the cases (6) cannot arise. 
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position.* In the absence of such provision, it will rise or ^' kick up/' espe- 
cially if the loaded end is not very firmly supported. Now it requires but a 
little thought to see that so and so many tons, suddenly rising \ inch, 1 inch, 
or 1^ inches, &c., many times a day, and as suddenly falling again, and with 
nothing else to spend their work upon, are only so many foot-pounds assid- 
uously laboring to destroy the bridge or the piers. Such a structure par- 
takes too much of the nature of a tilt-hammer to be entirely satisfactory as 
a permanent drawbridge. Upon taking up therefore the question as to how 
to prevent this tipping, we find two methods in practice, the first long in 
nsc, the second apparently for the first time used by Mr. Charles Macdonald 
of New York. They may be likened to the two methods at command for 
preventing a horse or an ox jor a man from kicking. One way would be to 
fasten his heels to the floor, the other to lift them up so high that any 
attempt to kick would indeed diminish the strain upon the chords that held 
said heels up, but would never result in their going any higher. In the same 
way may be managed this restive end of unsymmetrically loaded drawbridges: 
it may either be lifted up so high that the reaction D shall under no case of 
loading become either equal to or a minus quantity, or it may be fastened 
down, this last being Mr. Macdonald's way. 

As previously remarked, and as often found, the ends may also be left 
free; and we have therefore the above-stated twelve cases (two of each kind, 
according as we consider the snow load or not) of unsymmetrical loading as 
follows: — 

Case Til, (a) ends free, on firm central supports. 

„ ///. (b) „ „ „ pivoted „ „ 

„ IV. (a) ,, latched, ,, firm „ „ 

„ IV, (6) „ „ „ pivoted ,, „ 

„ V. (a) „ lifted, „ firm „ „ 

»» V- (P) 11 »> M pivoted ,, „ 

Ca?tf ///. (a). Let us again so place the end supports that when the bridge 
is empty they shall be just in contact with the bridge, no more and no less; 
that is, their reactions shall equal 0. Imagine now a girder so supported, 
no part latched down, to be loaded on length Am (m being point at centre) 
with dead -|- snow + live, and on length mD with dead -[-snow. This will 
generally (it may be proven in each case) give the maximum absolute strains 
in the chords at least. It would be relatively more severe for the two main 
spans of the girder, to suppose one side loaded with dead -|- snow + live, 
and the other with dead only ; but there is a little of the absurd in thus 
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supposing a bridge only half covered with snow, and at the same time it 
does not furnish absolute maxima. We take therefore, in all the nnsym- 
metrical cases of loading, for maximum strains, dead -j- snow + live on -4m, 
and dead -j- snow on mD. The snow load has, however, an important effect 
iu fonning the nature of the end reactions and of some of the webbing in 
some cases; and it i^ necessary carefully to consider the bridge with and 
without snow upon it, as it may easily happen that a bridge that is firm under 
snow -\- live on one side, and snow on the other, becomes tipping and unsatis- 
factory with the snow load removed. To determine the nature or positions 
of the end supports and in some cases certain members of the webbing, we 
therefore calculate all the unsymmetrical cases for dead -f- live on one half 
and dead only on the other, as well as for snow added to each. In the case of 
panel bridges having only one panel over the centre, half the centre panel load 
can be supposed to be applied at the inner extremities each of spans AB and 
CD : if there should be more panels, the formulae will easily admit of being 
extended to cover those cases also; and, for plate girders and uniformly 
distributed loads, the load on centre span can likewise, if desired, be taken 
into account, so as to make in all the unsymmetrical cases the load on just 
half the length of the girder. 

To resume, then, the special case under consideration, we have a girder 
on four supports, unequally loaded (Fig. 2), and B and C higher than A and 
D by an amount just equal to the deflection of the bridge under its own 
weight when resting on B and C alone, no matter what the exact depth of 
such deflection be in decimals of a foot or inches. 




First, take the action of the bridge under its dead load only. Reactions 
at B and C are each equal to half of dead on whole girder. Now place 
end supports in contact. For all future loadings the bridge is equivalent 
to a straight girder on level piers. Add snow + live on Am and snow 
only on mD, Find reactions for this unsymmetrical load from 63-66 
(or 69-72), four supports on a level, and to B and C previously found add 
(algebraically) the new B and C for the final B and C, A and D are found 
at once and directly. Now see whether C and D, one or both, are plus or 
minus. We can have both plus (a),* C minus and Z) plus (j3), (D minus 

* Eqaivalenf, if D ia large enough, to Cane V. (a). 



:/' 
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and C plus is impossible), and both minus (y). If («), the above calculation 
was correct; if O), it is a case of two unequal spans AB and BD. Start 
anew (Fig. 3) this time with the whole of the dead load of the whole girder 
on B, 




But, if put in that position, it would need still another force or better 
couple to keep it there, since BD is longer than AB, and the dead load is 
supposed to be symmetrical about m. Such a balancing couple could be 
applied at A downwards like a load, and at B upwards like a reaction, — that 
is, diminishing any A to be found hereafter, and as much increasing B; or at 
D upwards and B downwards, — that is, increasing any D to be found here- 
after, and as much diminishing B ; or finally at both A and D, with the same 
respective characteristics. Such force is without doubt applied at both A and 
D; and, to find it, we must first see how much of the unsymmetrical load on 
Amy when the supports are as in ///. (a) (a), will just make C = 0, which 
can be done from 63-66. For this much of the unsymmetrical load and 
dead -|- snow load, the reactions are as in ///. (a) (a) ; for the balance of the 
unsjrmmetrical load, they are according to 32-34 (or 43-45), for two un- 
equal spans AB andBD, This is evidently a rare case, and moreover moves 
between very narrow limits of possibility. It would require a proportionally 
very large live load, and peculiar ratios of loads and lengths, to produce such 
a case : it is given, however, for the sake of completeness, and well illustrates 
the general adaptability of the method of separating the effect of combina- 
tions of loads into the effects of certain elements of the same. 

Case III. (a) (y). If both C and D are minus (Fig. 4), it is a case of 
one span and an overhanging arm BD, We now have again the whole of 




0-0 



the dead load upon 5, and the reactions required to balance it about B can 
be applied at A and B only. These will tend to diminish any future A, and 
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will equally increase B. The snow will now act precisely as does the dead, 
and the live will be distributed between A and B according to the simple and 
well-known laws of the lever. Necessarily A and B are the only reactions. 
This, again, is a rare case, and requires still greater live loads in proportion 
to the dead load and snow. Equations to meet ///. (a) (/3 and y) could be 
evolved by introducing the conditions C, or C and Z), = 0, and the known 
values of moments that that implies, in the equations of the elastic line. 
See book of Weyrauch, often cited. 

Case III. (6).-^ Fig. 5. The end supports are so placed, that for the 
empty bridge, they shall again be just in contact: dead -^ snow -^ live on 
Am; dead -|- snow on mD. For the dead load, B and C again each equal 
half dead load of whole girder. Now find A^ B, C, and D from 89-91 for 
live on Am, nothing on mD; also. A, B, C, and D for snow over whole 



ng.5. 




^ 
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bridge from 63 - 66 (four supports on a level).* C cannot now be a minus 
quantity: it must equal B, in order that there shall be equilibrium, and 
there remsdns only to see whether D is or not. If plus (a), the reactions 
found are correct; if minus (fi) (Fig. 6), take first again B and C each 
equal half dead load of girder. Then, snow over whole girder from 63-66 
(four level supports), then find (from 89-91) what part of live will just 



pooo 
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0^0 



make 2> equal to 0. The reactions for that part are found from 89 ~ 91 ; 
those for the balance of live from 93-94. Or, a shorter way, take first 
dead on B and C, If now, in such a pivoted girder, forces SP on AB 



* The two operatioiiB Just described with different formulas could be done in one operation 
and by only one set of formuUs by introducing into 89 — 91 the terms for loads on mD as weU 
as on Am only. 
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cause D to beeomesO, tliat part of the sjninietrically ^stiibated load 
which ia on CD will just balance the part on AB^ about the pirot under 
B and C, which wOl lesTC the 2 P acting only aocoicSng to 93-94 on 
A^ B, and C^ and the symmetrical loada most all rest in equal parts on 
B and C. 

Case IV. (a). — Fig. 7. The end supports are so placed that for the 
empty bridge they are just in contact. Centre supports firm. Ends latdied 
down. Loading as before. We have, first, half of dead on B and C req>ee- 
tively. From 63-66 find A^B, C, and D for snow-}- li^e on Jii, snow 
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only on tnD^ and add middle terms to B and C already found. It matters 
not now whether the resultant 2> be plus, minus, or : in either event there 
is a body at hand to produce the needed reaction. If C is plus (a), the 
reactions are correct ; if C is minus (/S), Fig. 8, it is again a case of two 
unequal spans, AB and BD» Start again with B and C each equal to 
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half of dead on whole girder. Find and sum \xp A,B, C, and D for snow 
on whole girder, from 63-66; now find what part of live on -4 m will make 
C^ from 63-66 ; that part will produce reactions, also to be found from 
63-66, the balance will act on A and B only, according to equations 
32 - 34, for loads on two unequal spans. This also may be considered as a 
rare case in actual practice. The minus values of D will show the necessary 
strength of the latchiug apparatus.* 



* The latching apparatus must be constructed .to resist, also, a strain that will arise, due to 
A (UlTerence of temperature In the two chords, tending to raise the bridge ends, i.e. top chord 
warmer than bottom chord. See 0. Shaler Smith's paper cited below. The effect of general 
changes of temperature on the strains and shapes of trusses is very lucidly treated in Bitter's 
book, cited in the appendix; and a study of the principles of the same would, no doubt, soon 
lead to the method to be followed in computing the strains and changes produced by a differ- 
ence of temperature between the two chords of a bridge. 
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Case IV, (h). — Fig. 9. The end supports as before. Centre supports 
pivoted. Ends latched down. Loads as before. We have, first, half of 
dead on B and C respectively ; then, for snow on girder, A^B, C, and X>, 



Q^Q^^ 



Fig.9, 





to be found from 63-66; also live on Am^ with nothing on mZ), A^ By 
C, and D, to be found from 89-91; sum up, and we have the final 
A, B, C, and D. 

The relative merits of IV. and V. it is proposed to discuss further on. 

Case V. (a). End supports on such a level, relatively to B and C, that 
they are more than high enough to prevent either A or D from ever being 
= 0. Centre supports firm. Loading as hitherto. Now as to the amount 
the ends should be lifted. The only object of lifting them can be either to 
prevent what we have called the " kicking " of the light end or to regulate 
the strains over the centre. We have to deal with the first only at this 
time. Find, therefore, with what loading of the whole girder the ]ight end 
reaction is Just equal to 0, when the heavy side is loaded with its maximum 
moving or live load, and then make the end reactions = at a loading 
greater than this, so as to attain a certain factor of safety against such an 
occurrence. This subject is treated of, for both the case of the pivoted 
draw and of two unequal spans, in §§ 13 and 14 of Part 11. To illustrate, 
in the numerical example F. ((), if the ends are raised (see § 13), so that 
2.24 tons* per panel react on A, By C, and Z>, as a girder continuous over 
four supports, with B and C pivoted, it will make D equal to 0, when Am 
is in addition loaded with 12.6 tons per panel. In such a case we would 
take, say 3 tons per panel, as the uniform load, of which the end supports 
must carry their due share, in order that the live load on ^m shall never 
cause D to equal 0. And it may be noted here that railroad bridges, sub- 
ject to having trains move over them at a high rate of speed, would need a 
larger factor of safety against this occurrence than roadway bridges. 

In our calculations we therefore take the end reactions equal to 0, when 
the skeleton lines of the girder are loaded with tlie own weight, minus the 

* Wherever the word " ton " is used in this paper, it means 2,000 lbs. 
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arises from a variation of level in the points of support of -^^f^ to j^^, 
that is, for small bridges of j-^ and for larger ones of -yJ^ of tiieir own 
height. 

An endeavor to calculate continuous girdera, without having recourse to 
the measurement of the distances the several supports are ** out of level,'* 
would therefore seem to be well warranted. The same remark is less true 
as regards omitting the consideration of variations in the moments of iner- 
tia of the chord sections. The time for this additional approximation will 
come, when we shall have obtained coefficients of correction from experi- 
ments with many kinds and qualities of finished bridges. It will be to 
these last, most nearly correct formulae, that the coefficients will have to be 
applied. At present, the methods to which this paper has been limited can 
gain but little additional accuracy, by having regard to variations of the 
moments of inertia, so long as they contain the relatively equal inaccuracy of 
being without practical coefficients of correction. In the mean while it is 
gratifying to find that calculating without regard to moments of inertia of 
the chord sections is of the less importance the more nearly the actual sections 
are made exactly proportional to the strains in them. For the mathematical 
case, where the above proportion is exactly obtained, Mr. Mohr finds for two 
equal continuous spans, uniformly loaded: — 

M^ = 0.146 qP = moment over the centre pier, 

A = 0.354 ql = reactions at ends, and 

^1/' = 0.06215 ^Z'srr maximum moment in each span, when the change of 
moment of inertia is taken into account; and, as is well known, 

3/2 = 0.125^;% 

A =0.376 ql, 
and Af' = 0703 ql^, neglecting the same. 

Similarly, for three equal continuous spans, uniformly loaded, the mo- 
ment over the central piers, the reactions at the ends, and the maximum 
moments in the first and third and middle spans are found for the two cases 
of varying and of uniform moments of inertia : — 



M^=0.10Q7 qP,] 
A =0.3933 J?, 
Jf ' = 0.0773 qPy 
M'f = 0.0183 qP, J 



and 



f ilfg =0.100 ^Z», 
A = 0.400 ql, 
M' = 0.080 (/Z2, 
M" = 0.025 qP,'* 



§ 4. Loads and Reactions op Continuous Drawbbidges. — 

Pivot drawbridges, when constructed as link-bridges, usually have two 

— — ^— — — — ^ — J 

* See also the article by J. W. Schwedler, 1862, p. 277, cited in Appendix. 
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centre posts at equal distances each side of the pivot or centre. Indeed, 
whatever the construction of the girder, two supports at the centre will be 
the rule, and one only, exactly at the pivot, the exception. In the latter 
event, the formulae for two equal and those for two unequal spans, for the 
several kinds of loading, will give the reactions for any case that may arise. 
It is proposed to discuss in full only the more difficult case of two centre 
supports, in the course of which the other and less usual case cannot fail to 
be likewise sufficiently elucidated, the more so as the two have many points 
in common. Take, first, the supposition of symmetrical loading only; that 
is, loading such that no tendency to pivot at the centre exists, and let us see 
the efEect on the truss, of the several possible levels of the end supports as 
referred to that of the two centre ones. The former couple can always, and 
the latter two can for all cases of symmetrical loading, be considered as 
though on a level. 

Case I. The bridge open and loaded with snow. In Southern climates, 
and in those cases of railroad bridges that have no flooring, the snow load 
may of course be omitted. In this latitude (40° and above) and for highway 
bridges it cannot be overlooked. The end supports are wanting, the bridge 
being open, and we have a girder resting on two supports only; and the 
reactions at each must necessarily be equal to half its own weight, plus the 
weight of the snow on half its length. 

• Case II. The bridge shut and loaded with snow plus the maximimi live 
load. It will be evident that the reactions at the four points of support 
depend now very much on their relative levels. If the end supports are 
wanting, — one extreme case, — the girder would be in the same condition as 
when open, as regards support, but subjected to the maximum loading; if 
the end supports were lifted so high as to lift the ends of the girder higher 
than the two central supports, by an amount exceeding or just equal to the 
deflection of the girder, acting as a single span-bridge between the two end 
supports when subjected to the moving load, — the other extreme case, — it 
would of course act as such a single span girder alone, and undergo a strain 
at the centre equal to what it would in Case /., under an equal load and were 
there only one central support, but with a general reversal of the directions 
of all strains. Both these cases are, however, practically out of question, 
and exist only as logical possibilities ; * but between them lie an infinity of 



* Tho first is too outrageous a case of wrong for even an unconscientious draw-tender to 
permit; tlie other could bo prevented by not fumisbiug said draw-tender with any apparatus 
to lift the bridge off its centre supports. In the case of railroad drawbridges whose ends a<« 
intended to be lifted, the passage of trains before such lifting has taken place may effectually 
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efmitnii//*m ispaos. If, now, the reactions A and D are caleolaied, thej will 
he U/Ufi4 k$0 than if calculated supposing the truss to consist of firo spans 
O0ly, vJth exactly the same loading. 

And itift reason for this is not far to seek. The elastic line would take 
ih<^ Mhape sm drawn in Fig. 11, rising higher than the lerel of the supports 

Fig. II. 



* TUt$ mma ApfttirAiaMf togetlier with tbe pecnllar, and in some sitoations admirable, kind of 
driiwUti(itltt ti) whU^ti \t U in tlii» instance applied, is fnlly and clearly described and calculated 
tr/ i\hkii\ttf, i'MW Knt^lneer, in ^'Zeitscbrift des Arcbt. and Ing. Vereiiis sn Haunorer," 1869, 
y,iVl, Tli« tiitm of draw referred to is made without any "live ring," and the fdvot Is nsed 
■s * Mippart only irb«n tbe bridge is being opened. 
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in the middle, or the case would be equivalent to the one of two spans, as 
sketched in Fig. 12, where the centre support is higher than the end supports; 



Fig. 12. 

-T 



A ■ B 

but this, we know, decreases the end reactions, showing why, for a girder of 
three spans, the end reactions are less than for the same girder considered as 
composed of only two spans, but with the three supports on a level. Both 
cannot be right, and from the above three spans evidently is. Making the 
end reactions less involves making the centre ones greater, and the demon- 
stration just given is as applicable for unsymmetrical loads as it is for sym- 
metrical. To convert the girder into one of two spans only, it would be 
necessary to give it only one centre post, or arrangement of struts equivalent 
thereto, these bearing on the centre pivot, or on a single arm framing resting 
upon the same. 

§ 6. Strains in the Girders. — It may seem strange to some readers 
that no word has yet been said about any thing but finding the reactions under 
the girder, as though that constituted the whole problem of the calculation 
of the strains in continuous drawbridges ; and with but little exception it 
does. The reactions once found, any structure, of just the proper degree of 
strength to meet them and the loads that caused them, can be interpolated 
between the two, without the slightest difficulty or labor other than that 
inherent to the calculation of any framed structure, if the right way be only 
followed. And, as this has been written for the purpose of contributing to 
the elucidation of the construction, more especially, of panel drawbridges, 
the writer ventures to remark that he shall not consider his labors to have 
been in vain if, achieving nothing else, he will awaken in the minds of some 
of his readers a realizing sense of the beauty — that seems to be the cor- 
rect appellation to apply to them — of the principles used by Aug. Ritter ♦ 
in the calculation of all link structures, and which it is now intended to 
describe. 

To understand this thoroughly, let us return to first principles and see 
what a framed link structure really is. It may be described as a properly 
designed skeleton system of lines, each line endowed with the faculty of 
exercising muscular or elastic force in both directions, each line pivoted 



* Seo Ritter*s book, cited in Appendix. In Van Nostrand^s " Eclectic Engineering Maga- 
zine** for 1871, pp. 136 and 332, Bitter*B method may be found translated and described for two 
examples, in a way, however, that to the author seems devoid of appropriate emphasis. 
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at iU extremities, aod then acted upon in rpaee bj geoeraUy only Tertical 
farces, or, inclading roof-tmases, by Tertical and horizontal forces, — in short, 
by forces in the plane of the stmctnre; these forces are, in the first case, 
the reactions and loads, in the second the reactions, loads, suid force of 
the wind. We hare given the skeleton lines, the loads, and points of appli- 
cation, and the i)ointB of application of the reactions. We most find what 
has been called abore the nmscolar force required to keep every thing in 
eqailibrinm, and the only way, in cases of continuous girders, to do this, is 
by first finding the reactions; and, going farther, there is much in favor 
of the statement that, when on account of there 'bdng only two supports, 
as in case of single spans, the laws of the lever (which, however, are 
only a special case of the elastic line) suffice, and strains, as this mus- 
cular force is more frequently called, can be found without starting from 
the reactions, the latter method is the best, simplest, and easiest remem- 
bered. 

Taking now a girder as above described, acted upon by its forces (loads 
and reactions), and considering all parts in equilibrium, we have in any 
section: — 

1. The sum of all the horizontal components each side the section 
must = 0, or 2ir=0. 

2. The sum of all the. vertical components each side the section 
must = 0, or 2 F=0. 

3. The sum of all tendencies to rotate about any point in the plane of the 
girder — that is, all moments — must = 0, or 2 Jf = 0. 

Ritter's simplification consists in using equation 3 only, which can always 
be done by merely so choosing the points of rotation that they shall be situ- 
ated at the intersection of the direction of two out of three forces which are 
being investigated. The moments of two thus become 0, and there is left a 
simple equation for the value of the third. The general enunciation of the 
principle is this: Conceive a section of the girder, taken in such manner 
that it shall cut, if possible, only three members, and imagine the forces 
X, y, and Z applied at the section, in the line of these members, and rep- 
resenting the strains in them. For that part of the structure which lies at 
either side of the section write the equation of moments, and so choose the 
point of rotation that, in determining X, the point of intersection of the 
directions Y and Z is taken ; in determining F, that of X and Z, and in 
determining Z that of X and F. 
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For example, take a roof truss (Fig. 13): — 




i> = reaction, P and Q are loads, X, F, Z strains required, a;, y, and z 
lever arms. Moments with the motion of the hands of a clock, -f-; against 
it, — . 

1. About E^ intersection of Z and F, 

Xx-^P. CE+D.AE=iO, 

^ P.CE—D,AE 
or A = . 



2. About -4, intersection of X and Z, 

— Fy+P.JC+Q.Z^ 

or F= L_i , 



= 0, 



3. About jH", intersection of X and __F, 

— Zz— Q JgZ— P. CZ + 2>.^i: 

^ D,AL — Q.EL—P,CL 
or i& = ' 



= 0, 



Where a member cannot be cut by a section cutting only two others, it 
will always be possible (unless there is a redundance of members, and that 
means indeterminate strains and bad construction) to cut, if there are four 
together, some one of them, if five, two of them, &c. , by a section taking in 
only three members ; and, their strains once determined, they can be used as 
known forces in getting the others of the same group. Or, any number all 
meeting in one point and one more, may be cut, and the strain of this odd 
one determined ; it being remembered that the section may be taken in any 
direction, straight or curvilinear. For trusses with parallel chords the 
demonstration is still correct; we have but to introduce co as the distance at 
which tiie chords meet, and it will be found that the oos all cancel out, leav- 
ing easily remembered equations and forms of equations. 
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and C pltu IS imponible), and both miinu (y). If (J)^ the above calculation 
wan correct; if (^S), it ia a case of two unequal spans AB and BD. Start 
anew (Fig« 3) this time with the whole of the dead load of the whole girder 
on B, 



Rg,3. 




Bat, if put in that position, it would need still another force or better 
couple to keep it there, since BD is longer than AB^ and the dead load is 
supposed to be symmetrical about m. Such a balancing couple could be 
applied at A downwards like a load, and at B upwards like a reaction, — that 
is, diminishing any A to be foand hereafter, and as much increasing B; or at 
D upwards and B downwards, — that, is, increasing any i> to be found here- 
after, and as much diminishing B ; or finally at both A and D, with the same 
respective characteristics. Such force is without doubt applied at both A and 
D; and, to find it, we must first see how much of the unsymmetrical load on 
-4m, when the supports are as in ///. (a) (a), will just make C=0, which 
can be done from 63-66. For this much of the unsymmetrical load and 
dead + snow load, the reactions are as in ///. (a) (a) ; for the balance of the 
unsymmetrical load, they are according to 32-34 (or 43-45), for two un- 
equal spans AB and BD, This is evidently a rare case, and moreover moves 
between very narrow limits of possibility. It would require a proportionally 
very large live load, and peculiar ratios of loads and lengths, to produce ^such 
a case : it is given, however, for the sake of completeness, and well illustrates 
the general adaptability of the method of separating the effect of combina- 
tions of loads into the effects of certain elements of the same. 

Case III. (a) (y). If both C and D are minus (Fig. 4), it is a case of 
one span and an overhanging arm BD. We now have again the whole of 




0-0 



the dead load upon B, and the reactions required to balance it about B can 
be applied at A and B only. These will tend to diminish any future A^ and 
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will equally increase B, The snow will now act precisely aa does the dead, 
and the live will be distributed between A and B according to the simple and 
well-known laws of the lever. Necessarily A and B are the only reactions. 
This, again, is a rare case, and requires still greater live loads in proportion 
to the dead load and snow. Equations to meet IIL (a) (j3 and y) could be 
evolved by introducing the conditions C, or C and D, = 0, and the known 
values of moments that that implies, in the equations of the elastic line. 
See book of Weyrauch, often cited. 

Case III. (6).-^ Fig. 5. The end supports are so placed, that for the 
empty bridge, they shall again be just in contact: dead -j- snow -]- live on 
Am; dead -|- snow on tnD, For the dead load, B and C again each equal 
half dead load of whole girder. Now find Ay B, C7, and D from 89-91 for 
live on Am^ nothing on mD; also, -4,2?, C, and D for snow over whole 
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bridge from 63 - 66 (four supports on a level).* C cannot now be a minus 
quantity: it must equal By in order that there shall be equilibrium, and 
there remains only to see whether D is or not. If plus (a), the reactions 
found are correct; if minus (fi) (Fig. 6), take first again B arid C each 
equal half dead load of girder. Then, snow over whole girder from 63 - 66 
(four level supports), then find (from 89-91) what part of live will jost 



pnoo 



A t 




0^0 



niake D equal to 0. The reactions for that part are found from 89-91; 
those for the balance of live from 93-94. Or, a shorter way, take first 
dead on B and C. If now, in such a pivoted girder, forces 2P on AB 



* The two operations Just described with different fonnnlas could be done in one operation 
and by only one set of formul» by introducing into 89— 91 the terms for loads on mD as weU 
as on Am only. 
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atilj on fliD, and add middle terms to B and C alreadj fomid. It matters 
not now whether the resultant D be plos, minnSf or : in either erent there 
is a bodjr at hand to produce the needed reaction. If C is plus (a), the 
reactions are correct ; if C is minus O), Fig. 8, it is again a case of two 
nneqnal spans, AB and BD, Start again with B and C each equal to 
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C=0 



(' 



D ± 




half of dead on whole girder, ilnd and sum up A,Bj C, and D for snow 
on whole girder, from 63-66; now find what part of live on ^m will make 
C= from 63-66 ; that part will produce reactions, also to be found from 
63-66, the balance will act on A and B only, according to equations 
32-34, for loads on two unequal spans. This also maj be considered as a 
rare case in actual practice. The minus values of D will show the necessary 
strength of the latching apparatus.* 



* Tlie latching apparatas mtut be ocniBtnicted.to resist, also, a strain that will arise, due to 
A dilTerence of temperature In the two chords, tending to raise the bridge ends, i.e, top chord 
warmer than bottom chord. See C. Shaler Smith's paper cited below. The effect of general 
changes of temperature on the strains and sliapes of trusses is very lucidly treated in Bitter's 
book, cited in the appendix; and a study of the principles of the same would, no doubt, soon 
lead to the method to be followed in computing the strains and changes produced by a difier- 
enco of temperature between the two chords of a bridge. 
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Case IV, (b). — Fig. 9. The end supports as before. Centre supports 
pivoted. Ends latched down. Loads as before. We have, first, half of 
dead on B and C respectively ; then, for snow on girder, A^B, C, and i>, 



Fig.9< 
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to be found from 63-66; also live on Anij with nothing on mD, A, B, 
C, and D, to be found from 89-91; sum up, and we have the final 
A, By C, andD. 

The relative merits of 7F. and F. it is proposed to discuss further on. 

Case V. (a). End supports on such a level, relatively to B and C, that 
they are more than high enough to prevent either A or D from ever being 
== 0. Centre supports firm. Loading as hitherto. Now as to the amount 
the ends should be lifted. The only object of lifting them can be either to 
prevent what we have called the *^ kicking " of the light end or to regulate 
the strains over the centre. We have to deal with the first only at this 
time. Find, therefore, with what loading of the whole girder the light end 
reaction is Just equal to 0, when the heavy side is loaded with its maximum 
moving or live load, and then make the end reactions = at a loading 
greater than this^ so as to attain a certain factor of safety against such an 
occurrence. This subject is treated of, for both the case of the pivoted 
draw and of two unequal spans, in §§ 13 and 14 of Part 11. To illustrate, 
in the numerical example V* ((), if the ends are raised (see § IS), so that 
2.24 tons* per panel react onAyB, C, and Z), as a girder continuous over 
four supports, with B and C pivoted, it will make D equal to 0, when Am 
is in addition loaded with 12.6 tons per panel. In such a case we would 
take, say 3 tons per panel, as the uniform load, of which the end supports 
must carry their due share, in order that the live load on Am shall never 
cause D to equal 0. And it may be noted here that railroad bridges, sub- 
ject to having trains move over them at a high rate of speed, would need a 
larger factor of safety against this occurrence than roadway bridges. 

In our calculations we therefore take the end reactions equal to 0, when 
the skeleton lines of the girder are loaded with the own weight, minus the 

* Wherever the word " ton '* is used in this paper, it means 2,000 lbs. 
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arises from a -variation of level in the points of soppoii of -gJ^ to ^^^^1 
that M, for small bridges of y^ and for larger ones ol ^J^ of their own 

height. 

An endeayor to calculate continnoos girders, without having recourse to 
the measurement of the distances the several supports are *' out of leyel," 
would therefore seem to be well warranted. The same remark is less true 
as regards omitting the consideration of variations in the moments of iner- 
tia of the chord sections. The time for this additional approximation will 
come, when we shall haye obtained coefficients of correction from experi- 
ments with many kinds and qualities of finished bridges. It will be to 
these last, most nearly correct formulae, that the coefficients will have to be 
applied. At present, the methods to which this paper has been limited can 
gain bat little additional accuracy, by having regard to yariations of the 
moments of inertia, so long as they contain the relatively equal inaccuracy of 
being without practical coefficients of correction. In the mean while it is 
gratifying to find that calculating without regard to moments of inertia of 
the chord sections is of the less importance the more nearly the actual sections 
are made exactly proportional to the strains in them. For the mathematical 
case, where the above proportion is exactly obtained, Mr. Mohr finds for two 
equal continuous spans, uniformly loaded: — 

M^ = 0.146 qlP = moment over the centre pier, 

A = 0.354 ql = reactions at ends, and 

il/' = 0.06215 ^Z' = maximum moment in each span, when the change of 
moment of inertia is taken into account; and, as is well known, 

3/2=0.125 ^Z*, 

A =0.375 9/, 
and M' = 0703 q1^, neglecting the same. 

Similarly, for three equal continuous spans, uniformly loaded, the mo* 
ment over the central piers, the reactions at the ends, and the maximum 
moments in the first and third and middle spans are found for the two cases 
of varying and of uniform moments of inertia : — 



3/2=0.1087^/^1 
A = 0.3933 ql, 
M' =0.0773 ql^, 
M" = 0.0183 ^P, J 



and • 



fil/j =0.100 9?, 
A = 0.400 ql, 
M' = 0.080 qP, 

I M" = 0.025 qP* 



§ 4. Loads and Reactions op Continuous Drawbridges. — 

Pivot drawbridges, when constructed as link-bridges, usually have two 

-■ 

• See a]«o the article by J. W. Schwedler, 1862, p. 277, cited in Appendix. 
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centre posts at equal distances each side of the pivot or centre. Indeed, 
whatever the construction of the girder, two supports at the centre will be 
the rule, and one only, exactly at the pivot, the exception. In the latter 
event, the f ormulaB for two equal and those for two unequal spans, for the 
several kinds of loading, will give the reactions for any case that may arise. 
It is proposed to discuss in full only the more difficult case of two centre 
supports, in the course of which the other and less usual case cannot fail to 
he likewise sufficiently elucidated, the more so as the two have many points 
in common. Take, first, the supposition of symmetrical loading only; that 
is, loading such that no tendency to pivot at the centre exists, and let us see 
the effect on the truss, of the several possible levels of the end supports as 
referred to that of the two centre ones. The former couple can always, and 
the latter two can for all cases of symmetrical loading, be considered as 
though on a level. 

Case /. The bridge open and loaded with snow. In Southern climates, 
and in those cases of railroad bridges that have no flooring, the snow load 
may of course be omitted. In this latitude (40° and above) and for highway 
bridges it cannot be overlooked. The end supports are wanting, the bridge 
being open, and we have a girder resting on two supports only; and the 
reactions at each must necessarily be equal to half its own weight, plus the 
weight of the snow on half its length. 

• Case II. The bridge shut and loaded with snow plus the maximum live 
load. It will be evident that the reactions at the four points of support 
depend now very much on their relative levels. If the end supports are 
wanting, — one extreme case, — the girder would be in the same condition as 
when open, as regards support, but subjected to the maximum loading; if 
the end supports were lifted so high as to lift the ends of the girder higher 
than the two central supports, by an amount exceeding or just equal to the 
deflection of the girder, acting as a single span-bridge between the two end 
supports when subjected to the moving load, — the other extreme case, — it 
would of course act as such a single span girder alone, and undergo a strain 
at the centre equal to what it would in Case /., under an equal load and wore 
there only one central support, but with a general reversal of the directions 
of all strains. Both these cases are, however, practically out of question, 
and exist only as logical possibilities ; * but between them lie an infinity of 



• Tho first is too outrageous a case of wrong for even an unconscientious draw-tender to 
permit; the otber could bo pi^evented by not fumisluug said draw-tender with any apxmratus 
to lift tbe bridge off its centre supports. In the case of railroad drawbridges whose ends ai« 
intended to be lifted, the passage of trains before such lifting has taken place may effectually 
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§ 9. Equations for the Reactions op a Girder continuous oyer 
Three Supports. — Fig. 17. In 17, above, make r=2,r — 1 = 1, r+l=3, 
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Fig. 17. 
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a in the span l^=e\, and a in the span ^2 = /j — gl^ M^ and M^ are each 
= 0, the ends being free (not walled in). Hence 17 becomes 

-^ — - + -^-7 — - I i^/= 1^, 
and find the value of M^ : 



28. 1/2 = 



ITow, from 20 and '21, introdacing fhe new notation as just now in 17, and 
making Mi and Mg = : 

29. .l = l[j^,+2P(^— ey]. 

30. £=B,+B,=l[_Jf,+SPe^]+l[-lf,+ 2<31yJ. 

31. C=l[ll, + sQ(i,-(/y]. 
Substitating the value of M^ found above : 



32. A = 



-F-1 2P«/i (h^-^h^) -1 2 Qgl^ (l,*-(/» k*) 



+ 



2P(;t — e^) 
I 



r + f 2 Pell Qi^-e' h^+^T. Qgl^ Q^.'-lf^k') 
33. B = 2 ^ 



+ 



2hk 



+ 



^ 
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34. C== 2 *» 



+ 



^hih + ld 



k 



Generally /^ ^ /^ = /, and the points of support are on a level, in which hist 
event Y vanishes. Then after a few changes we get : 

35. ^=s[^(4_«[5-e«])]-s[|i,(l-i,«)], 

36. B=S [^e(3-«^] +2 [|.sr(3-^)], 

37. C = S [^ (4-^ L5-g^] - 2 [-J e (1 -««)] . 

which are convenient forms for calculation. If further e=^ and P== Q 
[equal spans, supports on a level, equal panel lengths and corresponding 
panel points equally loaded] : 

38. 4 = C=XP[1-Ii»=^]. 

39. JB = 2P[c(3— c2)]. 

For uniformly distrihuted loads, q^ in span li and ^^ in span ^, for F=0, 
i.e. the three supports on a level, r — 1==1, r=2, and r-|-l=3, Mi=:^M^:=0 
as before, 17a would become : 

Similarly we should have for values otA^By and C, derived from 20 and 21, 
substituting 



/: 



and I ^2 dx, x for the same in span l^j 



also I 9^ (fx. a; for 2 Pa in span ^, 



and I ^^ (fa; (/^ — x) for the same in span ^ : 





40. ^=-i-[3f,+i?iV]. 
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Or sobstitatiiig Talne of A£^ : 

Hiese are sometimes f oond in the forms 

4S„ p_ 8?»y + *g«^V-fty 
If in these ^ = (2 = /, 

47. ^=J^^(?i + ^J. 

Finally for 9^ = q^ (eqnal spans, supports on a leyel, both spans equally and 
uniformly loaded) : 

49. A=zC=iqL 

60. B=zlf.ql, 

§ 10. Equations fob the Reactions of a Girder continuous oyer 
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Fig. 18. 
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FOUR Supports. — Fig. 18. Making in 17, r first = 2 and then = 3, first Af, 
and again M^ become = 0, and the equation becomes 
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designating for brevity f^iZ::^ -|_ IVz^l q eI hy Y^ 

[c c c ^^ c "1 
^-j— 2-|--*-^ — -* 6 EI by Fj, replacing also the general load P and 

distance a by P, Q, R and x, y, 2 in the spans l^^ l^^ l^, respectively. Solving 
these equations for M^ and M^^ we obtain : 

[ri+ i sP^(ij«+*«)+-l s <2y(?,-y) (2 ?,-y)] 2 (?,+y 

51. W ^ '1 3 = 

[n+l S Qy (/,«-y«) + IsBz (/,-*) (2 J,-2)] 2 (ii+y 

* 8 



52. M. = . 

v-4('«+«('i+y 



Comparing these, we find that the first quantity enclosed in [] in the value 
of M2 is entirely similar with the second quantity enclosed in [], in the 
value of M^, and that the same similarity occurs between the second term 
of M2 and the first of M^, so that for convenience we may write, 

From 20 and 21, making itf ^ = If^ = 6, we obtain 
55. il=i.[ilf2 + 2P(/i— x)]. 

57. C===i[jlfa--Jlf3 + 2Qy]+i[-Jlf3 + 2/2(i,-2)]. 



II 
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Sabstitating the rallies of M^ and M^ giyen above, and zedocing, these 
become: 

89. A— ^^jj f- ^ . 

60. -B- j-j-jj 

*^ '^- ij^u 



®^ ^- ^17 + -^- 



Usually Fj and Fj Trill =0, fhe sapports being on the same level, /i:=^=7, 
{j = m2, X ^ «2, ^ — z=gl, and Q = 0. Under these conditions 

F=sPeP(l— «*). 
W=SiJj7P(l-i/«), 

£/■ = P [i»«— 4 (1 + »»«)], and 



i 



e. . = .P(i-,[i- %0+r>(y ] 









(3m2 -j. 8 m + 4) 
""^^'^ «i(3m2 + 8m + 4) * 



65. C — S-Ki7Ll+ „,(3w2 . 8m + 4) J 



m(3w2 4-8m4-4) 
""^^ iii(3m2 + 8m + 4) ' 



+ipg-.) ,7i'+l, . 
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If further the loading be symmetrical, that is, if e =^ and P r= JR, a farther 
reduction is possible : 

ea B=c=.P,[.+fc^|i-f]. 

Similarly for uniformly distributed loading, 2 P will become J qi dx^ 
q^ dx, 2 R ,y ^3 dXj and we shall have from f ormulao 59 - 62 : 



- /, /a (// - 4 (/i + g (^ + ',)] 

Pi ^» + 2 (/i + g (k + g] g 7i V + ^ 9» k") 

-, c-fiL±^H2V£yiUZi!+i9a^ 

'i '» tv - 4 Ci + y Ca + '.)] 

When again l^=zl^=:l, l^=zml (m for drawbridges would be a proper frac- 
tion) , also gj^z=q^=zq: 

nrt J— .n — 1 7 fi 2 + m "l - in'(2 + m) 

II 7 Til «»n2 + »») 1 
+ i22''«L^+2(3m2 + 8m + 4)J- 

Finally when ^^ = 9 ^^^ m = 1, that is Z^ = /^ = ^s = ^ 

75. A=^D = ^ql, 

76. 5=C = ^^^;. 

There remain to be developed the equations for the very peculiar cases, 
when two of the supports are themselves supported on the ends of an inflex- 
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ible body, which, in torn, rests upon a knife edge or pivot at its centre. 
(Fig. 19.) It is evident that, for equilibriom, the reactions of such 8nx)ported 

o 

Rg. IB. 



ix. 



fc,' "x" 



I 




I 



«♦! 



Bi-C 



supports mnst be eqnal. An incidental quality is that, when such supports 
are not symmetrically loaded, the ordinate of one support, measured from 
the line connecting them when in a horizontal or symmetrically loaded x>o8i- 
tion, equals the ordinate of the other measured in the opposite direction, or, 
for a three span girder, C2= — c,.* The calculation of the equations for the 
reactions under these conditions is tedious but not difficult, after the method 
to be followed and the circumstances to bo taken into account are once 
clearly imagined. 

§ 11. Equatioks fob the Reactions of a Gibdeh continuous over 
FouB Supports, the Two Centre Ones resting upon an Inflexible 
Body, which is pivoted at the Centre. — For our cases of unsym- 
metrical loading, we must make Q=zR=zO. We then have the main con- 
dition of equilibrium, that B=.C (see fig. and equations in § 10). 

77. fi = i[-i)/,+sPx]+l[M,-J/J=l[jl/,-Jlf,]-:^=C, 



or 
also. 



M^ 2 ilia , 22/3 .ilfj 



*a '2 *8 *i 



78. 2Jf2(Zi + Z2) + Jf3/2 =— Fj— --2Pa:(/i2-.a;2) = jR. 

79. M^l^+2M^{l^ + l^)=^-^Y^ = S. 

80. From 79, M^ = ^^hIMaM^+I^ ^ Substituting in 78 and finding 



value of 3/,, — 



^2 



* This is exactly trae when the pivot is situated in the line Joining D and C, and equi-distant 
from these points. There is no difficulty about developing the equations whenc, z^—nc^i or 
even/(Ca)=— /(C3). 
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« 

81. Ji, = j^^477TrTT7rm- Substituting 80 in 77 win give 

82. M= ^ '^' '» ^+ ^^ ;, + 2/,7,)S 

8 



Make now Z^ = Z^ =r /, and Z^ = mZ, and put 81 = 82, we get, — 

83. S — R = mP T. Substituting values of S, iJ, and T, we get, finally, 

84. Fa— ri = y2Pa:(/a — a;2 + mZ2). 
But 



and 



— Fa== — [^^^« + ^i=^»] QEI, also Ci=C4=0, and C2=-.C3; 

•••^^=-[^^] 6^/.andy,= [a£±^] 6^/,and 

85. — ri = i-2Pa:(/2 — a:2 + mP) 

86. — 72 = — i-2Pa:(/a — a:a + mZ2).» 

Substituting values of — Y^ and — Fj in 78 and 79, and reducing, we get, — 



87. iJfa— 3m2 + 8m + 4 



These values substituted in the general equations for A,B,Cj and D (55-58) 
[Q = jR = 0, Zi = Z3 = /, /2 = »iiri givefinally,— 

^(2 + m)SPx(Z^-x^) + (2 + 3m)mZ^SP^ 1 
®^- "*- 2/8(3m-^ + 8m + 4) +— ^n^-ar). 

on p-r_ (2 + >n)SP:g(Z^-x^) , S P^ 
»u. ^— ^— 2/8(3m2 + 8m + 4) "*" 2/' 

(2 + m)SPar(f» — a:«) + (2 + 3m)mZ8sPj? 
2/8(Bm2-[-87/i + 4) * 

and ^+5+C+2) = 2P, as they should. 

To bring these equations to the same known quantities as equations 63-66, 
we have but to substitute el for x. 



* From the valaes of Ti and F^, in terms of c, m, and fy and the same values in terms of 
S PXf m, and /, the valae of c can readily be found, but it will contain the term El, 
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§ 12. Equations fob the Beactions op a Girder continuous over 
Three Supports, the Two Right Hand Ones resting upon an In- 
flexible Body, which is pivoted at the Centre. — Taking again 
for our case of unsymmetrical loading Q = 0, Z^ = ^ /^ = ndf we have for 
the main condition of equilibriom B=C, or 

l[-i/, + 2P.] +^l-M,] -iM =0. or 



m 2 Px 



92. Jf2= -::7 , o • -^^j 



93. 2Jlfa(/ + mO=— F— i.2Par(P-.x2),or 



2 / (1 4- m) 



94. M2= ^ _, . — : . From 92 and 93, 



2 / (1 + m) m 2 Px+ ^^i^ sPx(Z»— or^) 

96. —Y= —J 

ffi+2 

Substituting in 93, 

96. 3/2 = — -j— 9 ^P^i* Ai^d substituting tins in the general equations 
for A, B, and C (29-31). 

97. ji=: ^ 2Px4'—(l—x), 

98. 5=C= ^^^ 



and ^ -|- jB 4- C' is, as it should be, equal to 2 P. 

Again, substituting el for a;, we obtain A^ B, and C, in terms of the same 
known quantities as in equations 35-37. 

§ 13. In a Girder continuous over Four Level Supports, the 
Two Centre Ones Pivoted (same as in § 11), to find what Loading 

UNIFORMLY DISTRIBUTED, ADDED TO A GIVEN LOADING UNIFORMLY DIS- 
TRIBUTED OVER THE Span AB, will make D = 0. — We had for thp 
unsymmetrical load (91), — 

_ (2 + m) 2 Px (P—x^ 4- (2 4- 3m) wP 2 Px 

2/«(3m« + 8m + 4) 



* Being the same as found (03), which shows that the principles of the lever alone soffice in 
this instance, and that these principles are but a special case of those of the elastic line. 



41 

For uniform loading over the whole span AB, we must substitute ^^^j dx 
for 2P, which gives, — 

99. ■»= 2/-(3m« + 8,» + 4) = unsymmetrical Z). 

From 70, with q^ = q, we have, — 

100. i) = j5;|_l-2-^g^^l^J-i5/^3-^}_^i-^- = syml.I). 

The condition is that unsymmetrical D -|- symmetrical D shall equal 0, or 
Q±^q^l^+(2 + ^m)mq,^ 



'^ L 2r37/i*4-8m4-4)J 



2/8(3?»« + 8m + 4) «^ L 2(37/i* + 8m4-4) 

m8(2 + m) 
2^'2(3m« + 8m4-4)' 

from which is found, 

9i(2 + 5m + 6m2) .. _ ^ .^ . 

101. g = o/fi I 1- — /. 2 — Q-^i TT^ =7 uniform load per unit of 

length over all three spans, necessary to make i>=0, when span AB is 
loaded with q^ per unit of length in addition to q^ and the supports are in 
the condition above stated. 

§ 14. In A Girder continuous over Two Unequal Spans, to find 
WHAT Loading uniformly distributed, added to a given Load 

UNIFORMLY DISTRIBUTED OVER THE SpAN AB, WILL MAKE C=0, — 

We had (45a),— 

8/,(^+g 

For q^ = 0, or unsymmetrical loading, and l^ = ml, we have 

102. Unsymmetrical C= — -^ — ~-. — r. 

^ 8 m (1 -j- w») 

For q^-=q^z=z q, or symmetrical loading, 

1 />« o X • 1 i^ S ql m^ -{- 4: ql ni^ — ql ... 

103. Symjnetncal C = — ^— h — Vl~;ij~ ^ ^' ^^ puttmg 

q^l Zqlm*+4:qlm'^ — ql _ , , • 

~8m(l + m)+ 8m(l + m) -»»^eobtam, 



42 



PAET m. 



{15. KuMKUCAi. ExAXFLB. (See Plate L) — Loading. The assaraed 
dead load of each truss (which is in 3 spans of 90, 20, and 90 feet, and made 
eontinnons over them all) is taken at 1000 lbs., the snow load at 200 lbs., 
and the liye load at 1400 lbs. per lineal foot. Each panel is 18 feet long, 
except the centre one, which is 20 feet long. The above loads, concentrated 
at the panel points and points of sapp<^ are as follows, in tons : — 



Over each end support • • 



At each panel point 



Over each centre support . 



1 

1 
I 



4.5 tons dead load. 
0.9 tons snow- 
6.3 tons liye 



i« 



»» 



9.0 tons dead load. 
1.8 tons snow 
12.6 tons live 



»> 



)t 



9.5 tons dead load. 
1.9 tons snow 
13.3 tons live 



»> 



II 



Leyeb Abms* fob the First System (in feet). 



Ux^t 


19.029 


A 


18.5 


-^1 


172.01 


T, 


184.02 


f^a»4 


22.92 


-^2*8 


21.5 


Sz 


211.62 


T, 


222.43 


u. 


25.909 


•^445 


24.5 


Ss 


251.44 


Pa 


00 


u. 


28. 


L, 


26. 


Pi 


222. 


T, 


00 sin ^ 



Leyer Arms* for the Second System (in feet). 



^2*8 


21.425 


-^1*2 


20. 


S, 


191.77 


T^ 


105.01 


U4t5 


24.414 


LzhA 


23. 


s. 


231.52 


T. 


203.17 


u. 


26. 


Ls^L, 


26. 






T, 


241.72 



FormulcB for the Reactions. — For our case m = 
the equations for reactions, and making e = g 
following : — 



1^. Substituting this in 
= k, they reduce to the 



• See Plate U. 
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FormulaB for four level supports ; spans 
AB and /JD symmetrically loaded, h 
from 67 and 68, 



A = 



5 = 



D=z^ (S—llk + Sk^. 



8 
8 



C=^(llib — SJfcs). 



Formulae for four level supports ; span 
AB only loaded, from 63-66, 



A=: 



2P 
80 



(80 — 113 it + 33 i-«), 



B = ~(65k — S9k'). 

QQ 



, Formulae for four supports, when B and 
C are ** pivoted'* and AB onlyn 
loaded, from 89-91, 



2P 



^=::^(80— 01fc-|-15ifc»). 

B: 

D 



80 
e=^(lU-3i:«). 



-|^(19i:-15^). 



FormulaB for three supports, "when B 
and C are "pivoted** and AB only^ 
loaded, from 97-98, 



^ = ^(10-9A:). 



10 



B= 



9 



C=^2Pk. 



In all cases A -f-jB-]- C-|-2> = 2.P, except the first written, when 
A+B+C+D = 2^P, as it should. 

Example. — Snow load in the first system : — 

P = 1.8&ifc==.2; P = 1.8&ifc=.6; P = 1.9&ifc = l 
•. hy first formula, ^ = Z) = 1.8 X .984 = 1.7712 

JB == C= 1.8 X 1.016 + 1.9 = 3.7288 

Snow load in the second system : — 

P = 0.9&A;=:0; P=1.8&^*=.4; P = 1.8&ifc = .8 

.'. hy same formula as ahove : 

^ = 2> = 1.8 X .566 + 0.9 = 1.9188 
B = C = 1.8 X 1.434 = 2.5812 

The reactions of the girder, for the several cases given in Parti., and 
found in a manner similar tc the ahove, are given in the following Tahle : — 
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Strain Sheets. — (See Plates III. -IX.) The figures represent resultant 
strains in tons of 2,030 lbs. (-|-) means tension, ( — ^ means compression. 
To abbreviate calculation, the dead load has been taken as though it were 
concentrated at the lower panel points ; it is more exact, and in principle 
just as easy to follow out, to take the own weight as divided into two main 
parts, (1) that of the truss, and (2) that of the' roadway platform, and each 
as though applied at that part of the skeleton outline of the bridge at which 
it is applied. A close approximation is to take the platform weight -{- i 
weight of truss, at lower panel points, and ^ weight of truss at upper panel 
points in ** through ** bridges ; reverse this arrangement in " deck " bridges, 
and other combinations will readily suggest themselves in their proper places. 

To illustrate the manner in which these Strain Sheets have been calcu- 
lated, the computation for Case II. is next given, worked throughout strictly 
according to Hitter's method, although for chord members another way may 
sometimes be shorter, as alluded to in Part I. 

Equations for finding the Strains in the several members of the Draw, loaded 
and supported (that i.?, reacted on) as in Case IL — By making the proper 
substitutions for loads and reactions, all the ottier cases can be calculated 
according to the same formulas.* The centre panel diagonals are made to 
take tension only; when the resultant strain on one of them comes out minus 
therefore, neglect that diagonal, and make the calculation over again [for 
that and for such other members as depend upon such change], supposing now 
only the other diagonal in place. All other members are made to take either 
the compression or extension that they may be called upon to withstand. 

FIRST SYSTEM. 

Ui3,2 X 10.029 + 14.17x18 = 0. 

£73 A 4 X 22.02 +14.17X (3X18)— 23.4 X (2X18) = 0. 
U^ X 25.909 + 14.17 X (5 X 18) — 23.4 X [(2 + 4) X 18] = 0. 
U^ X.28. + 1^-17 X [(5 X 18) + 20] + (57.33 — 24.7) X 20 
— 23.4 X [((4 X 18) + 20) + ((2 X 18) + 20)] =0. 

— Zi X 18.5 + 14.17X0 = 0. 

— X2&3 X 21.5 + 14.17 X (2 X 18) —23.4 X 18 = 0. 

-Z4&6 X 24.5 + 14.17 X (4 X 18) -23.4 X [(1 + 3) X 18] = 0, 

— Ze X26. +14.17X(5X18)— 23.4X[(2 + 4)X18] = 0. 

* The several equations have been written out in fall, and without the slightest attempt at 
redactiun; on the contrary, aU the elements of each term have been conspicuouBly written and 
separated, so as to enable any one to follow the process of evolving the equations for each mem- 
ber in any case. In practice, no one, after doing a single day's work according to Bitter, would 
need to write out any equations as fully as done here» and for most members would not write 
them out at all, unless indeed ** in his mind's eye.'* 
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iSj X 172.01 — 14.17x222=0. 

— 7^2X184.02 — 14.17 X 222 + 23.4 X(222+18)=0. 
S^ X 211.62—14.17 X 222+23.4 X (222+ 18) =0. 

— 7^X222.43— 14.17x222 + 23.4x[(222+18) + (222+(3Xl8))]=0. 
S^ X 251.44 — 14.17 X 222 + 23.4 X [(222 + 18) + (222 + (3 X 18))] =0. 

— Pa X [222+ (5 X 18)] — (57.33— 24.7) X [222+ (5x18)] — 14.17 X 222 

+ 23.4 X [444 + (4 X 18)] = 0. 

7;sin<^oo — 14.17XOO+23.4X 00 + 23.4X00— (57.33— 24.7)Xoo=0, 
where <^ is the angle T^ makes with the horizontal. 

.-. Sin <^ = p-gQg, and dividing by oo: 

26 
^6 X oo-^^ -!*• 17 + 23.4 + 23.4 -32.63 = 0. 



32.803 



SECOND SYSTEM. 



U3A3 X 21.425+ (15.35 — 11.7) X (2 X 18) =0. 
U4A5 X 24.414 + 3.65 X (4 X 18) — 23.4 X (2 X 18) = 0. 
^e X 26 + 3.65 X [(5 X 18) + 20] + 43.15 X 20 
— 23.4 [((3 X 18) + 20) + (18 + 20)] = 0. 

— 1^143 X 20 + (15.35 — 11.7) X 18 = 0. 

— i8&4 X23+ 3.65 X (3X18)— 23.4X18=0. 

— Zg X 26 + 3.05 X (5 X 18) — 23.4 [(3 X 18) + 18] = 0. 

— Xe X 26 + 3.65 X [(5 X 18) + 20] — 23.4 [((3 X 18) + 20) + (18+ 20)] 

+ 43.15X20 = 0. 

— Tj X 1 65.01 — 3.65 X 222. = [or, revolving about second load point : 
+ T^ X V'36^— 26.9072 + 3.65 X 36 = 0]. 

S^ X 191.77 — 3.65x222 = 0. 

— Tg X 203.17 — 3.65 X 222 + 23.4 X [222 + (2 X 18)] = 0. 
S^ X 231.52 — 3.65 X 222 + 23.4 X [222 + (2 X 18)] = 0. 

— Tg X 241.72 — 3.65 X 222+23.4 X[(222+(2X 18)) +(222+(iX 18))] = 0. 

— Pa X [222 + (5 X 18)] — 3.65 X 222 + 23.4 [444 + (6 X 18)] 

— Tg X 241.72 — 43.15 X [222 + (5 X 18)] = 0. 

re8in<^ — 3.65 + 23.4 + 23.4 — 43.15 = 0. 

The other half girder must be made symmetrical^ or, if desired '(in the 
latched cases), can be calculated /either by continuing to make the supposed 
sections in the order of procedure from left to right, always introducing 
reactions as though they were merely minus loads (which is all they are), 
or by taking sections anew in the order of from right to left. 
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In this way have been found the strams in Plates m.-IX. , and tabulated 
in Table (-4), p. 60. Observe that the centre panel diagonals present a 
peculiar feature : the diagonal in seryice is a different one for the cases (a) 
and (6), and has a cliiferent value for the two, but each diagonal has the 
same value whether in 7/7. , 7F., or F. ^ -f*-^ ^^ constant, in pivoted as 
well as fixed centre support draws : 

In the first, A-\-B <C loads on AB, 
In the second, A-\-B'^ loads on AB. 

A careful study of this table will prove instructive also as to choice of kind 
of supports for drawbridges. The table is not complete, however; there 
should be added the strains for the. cases where there is no snow load, espe- 
cially for Case IV, (ft), and in the span CD, These may be obtained in two 
ways : (1) we could get the new reactions, by subtracting, for each support, 
the reactions produced there by the snow load from those already found, and 
then proceeding in the calculation of strains as before, or (2) by finding first 
the strains produced in each member by the snow load, and then algebrai- 
cally subtracting these strains from those already found in the corresponding 
members. The snow strains are, however, of two kinds ; once when the 
weight of the snow is all carried by the centre supports, and again when the 
truss carrying the snow loads rests on 4 level supports. The first mentioned 
snow strains obtain in Cases I, and 777. (6), and must also be subtracted to 
get the strains without snow in Cases F. (a) and (6), whenever the end re- 
actions without snow are to be the same they were with snow. (In Cases 
V. (a) and (6), it wiU be remembered, the end supports are lifted, just 
enough to prevent the end reactions from ever becoming less than a chosen 
plus quantity.) For, the end reactions remaining the same, the centre 
reactions only can have diminished, and must have diminished by just the 
weight of the snow ; and the strains can have diminished algebraically, 
only by the strains produced by these two centre reactions, together equal 
to the snow load, acting as opposed to the several panel snow loads. 
Another view would be this : we had made «, the part of the own weight 
that was carried on the 4 supports, instead pf on only the central ones, just 
large enough to securely keep the light end from rising in the event of 
maximum unsymmetrical loading. If now the snow melts off, it will 
render the light end insecure, and enough additional s must be taken 
out of the own weight to restore the original end reactions ; that is, the 
new s must = old s -\- pnow. The process is, the snow is removed from 
the 4 level supports, then a weight equal to it is taken off of the centre 
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Bupports, and is distribated over the 4 level supports again, leaving, as a net 
result, the centre supports lighter, by the total snow load. Mechauicallj, 
this will necessitate a higher position of the end supports, at the end of the 
lift, in order that the same end reactions may be obtained without, as before 
were obtained with, the snow. Were, on the contrary, the end flupports to 
remain in the same position, or at the same level, then, to get the strains 
in the trusses without the snow load, from those above with the 3i:ow on, 
we should have to subtract the snow strains produced by the snow load 
resting on 4 level supports. 

Figs. 20 and 21, Plate X., show the two kinds of snow strains ; Fig. 20, 
being those when the snow reactions are produced only at tlie centre sup- 
ports, and are evidently simply J the strains given for Case I, The others 
(Fig. 21) are the strains due a load of 200 lbs. per foot on a bridge skeleton 
without weight, and of the form under consideration, and supported on 
4 level supports. Now subtract these strains in the several members, alge- 
braically, from the correspondmg strains in the table, remembering which 
set to use in the several cases, as above given. Fig. 20 has been used in 
Case V, (b) and Fig. 21 in Case F. (a), since ^ dead was more than enough 
for s in this latter case, and D = -\-, «ven without the snow. 

The resultant strains for all the cases will be found in Table (B), on 
p. 51. 



While this book is going through the press, the anthor notices, in a. 
work* recently issued, the following sentence : ** But no book in common 
use gives us any method for determining the shearing stress under a partial 
load, a determination which is necessary before the bracing can be correctly 
proportioned." It is to be hoped, however, that no insuperable objection 
lies in the way to the attainment of such an object, and that such a book 
may be written. The foregoing has been an attempt in that direction; for 
the careful reader will have noticed that, by the method and the formulae 
herein given, the effect of a load at any point or points, on a continuous 
girder, upon any of its members, may be calculated. 

The method of strain calculation followed throughout has been what may 
be termed the ** arithmetical'* one ; and the author has purposely presented 
the same purely and alone, and omitting, therefore, considerations of mo- 



• Graphical Method for the Analysis of Bridge Truflses, &c. Charles E. Greene. New 
Tork. 1875. Yan Noetrand. 
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ment-corves, of vertical and horizontal shears, points of contrary flexure, 
and other paraphernalia which usuaUy accompany treatises on coLtinaoas 
girders. 

To calculate the absolute maxima and minima strains in the members of 
a continuous panel girder by the method that has been followed, the process 
would be like this : — 

First find the strains in each member, imder the own weight of the 
bridge. 

Next find the strains in each member for the maximum panel live load 
on the first panel point, all the rest of the bridge being supposed to be 
without weight and unloaded. 

Next place the panel live load on the second panel point, the rest of the 
bridge being supposed to be without weight and unloaded, and so on, for 
each panel point. By tabulating the strains thus found for each member of 
the bridge, a clear oversight will be gained over them. Then summing up 
all the minus strains liable to occur in any one member, with the strain due 
to the own weight, will give the maximum minus strain, and summing up 
its plus strains with the same will give the maximum plus strain that can 
come upon it by any possible combination of loads on the bridge. 
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APPENDIX. 



LIST OF BOOKS AND ARTICLES IN TECHNICAL JOURNALS, RE- 
LATING TO THE SUBJECT OF CONTINUOUS GIRDERS (IN PART 
OR IN WHOLE), IN THE GERMAN, FRENCH, AND ENGLISH 
LANGUAGES, 1864-1874. 

[Without wishing to presume the part of an adviser, the writer yet offers the opinion that 
the starred works are especially to be recommended to those desirous of further pursuing the 
tubject of Continuous Girders. The annexed list is doubtless incomplete.] 

*Weyrauchy Dr. Phil. Jacob /., Ingenieur, &c. AUgemeine Theorie und 
Berechnung der Continuirliclien und Einfachen Trager. Leipzig: B. G. 
Teubner. 1873. 

*RiUerj August, Prof. &c. Elementare Theorie und Berechnung eisemer 
Dach- & Briicken- Construction en. (Contains, amongst other matters, a 
peculiar kind of continuous girder.) Hannover: Carl Riimpler. 1873. 

*Lai88le if Schuehler, Der Ban der Briicken-Trager. Stuttgart: Paul Neff. 
2 vols. 1869 & 1870. (This work has also appeared in a French trans- 
lation.) 

Winkler^ Dr. E. Elasticitat und Festigkeit. Prag : H. Dominions. 1867. 

Zeitschrift des Archt. & Ing. Verein zu Hannover. 

*Mohr (now Prof. &c. in Stuttgart) 1860, 1862, & 1868, • 

Kopke, C, Ingr. &c 1856 & 1857. 

Zeitschrift fur Bauwesen, Berlin. 

Quensel, 1865. 

Schwedler, J. W. . 1862. 

WinUery E. 1860. 

Zeitschrift des Oestr. Archt. & Ing. Vekein. 
Winkler, Prof. &c 1872. 

Der Civil Ingenieur. 

Frankeli W. 1868, p. 271. 

1860, Heft 3 & 4. 

HaUhauer 1858, „ 5 & 6. 

1858, „ 2. 
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Zeitsghrift des Yereins Deutsgheb Ingenibube. 
Grashof . 1857. 

Zeitschbift des Batebischen Abcht. & Ing. Yebein, 
Gerher. (A Patent Continuous Girder.) 1870. 

Allgemeine Bauzeitung. 
Schmidt, Heinrich 1868. 

De Monidesir, (Strains in Continuous Trusses of Iron Bridges.) 

2d Ed ■. . . 1873. 

*Bresse, Cours de Mecanique Appliqude. l** & 3"* partie. Paris. 

1859 & 1865. 

• 

Annales des Ponts et Chausees. 

•Renaudot 1866, p. 311. 

Pierre 1871, p. 44. 

Alharet 1866, p. 53. 

** COMPTES ReNDUS." 

Clapeyron Dec' 1857. 

Molinos ff Pronnier, Construction des Ponts Mdtalliques. Paris. 1857. 

Anxales des Tbavaux Publics de Belgiqub. 

De Clerq 1855-56. 

[^Navier, Bdsum^ des Lemons donn^es k l'£lcole des P. & C. &c. 
2d Ed. Paris. 1833.] 

Minutes of the Pboceedings of the Inst. Civ. Engbs. 

Bell, W. Vol. 32, p. 171. 

*Stoney, E,W, „ 29, p. 382. 

*Heppel, J, M, „ 19, p. 625. 

*Barton, James ,, 14, p. 443. 

Contains a description of the celebrated, and, considering the time it was 
built, wonderfully perfect, Boyne Bridge at Drogheda, Ireland, 3 contin- 
uous spans of 141, 267, and 141 feet, opened for traffic, double track 
R.R.,in April, 1855. 

Pole, W, Vol. 9, p. 281. 

Hemans, G. W. „ 3, p. 65. 

The Philosophical Magazine, London. 
*Heppel, J, M, Vol. 40, p. 446. 

Stoney, B, B, Theory of Strains in Girders, &c. London: Long- 
mans, Green, & Co 1873. 

Rankine, W, J. Jf. Civil Engineering • • PP- 287-292. 

Humber, William, Strains in Girders. Am. Ed. New York; Van 

NoBtrand 1870. 
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Clark, Edwin. Brittania and Conway Tabular Bridges. London. 1850. 
Moseley, Henry, Mechanical Principles of Engineering and Architecture 

(1840-42). Am. Ed. By D. H. Mahan, Professor at West Point. 

New York: J. Wiley & Son. 1809. (Continuous beams are treated of 

in this work by the name of '^ Breast summers.*') 
Chanute, 0., and G, Morison, Kansas City Bridge, pp. 86, 87, 108-114. 

Journal of the Franklin Institute. 
Frizell, J. P 3d Series, Vol. 64, 1872. 

Transactions Engineers' Club of St. Louis. 
Smithf Charles A, Girders Continuous oyer Supports . . Dec. 4, 1872. 

Van Nostrand's Eclectic Engineering Magazine. 

1 

Eddy, C.H. p. 552, 1874. 

Dutch Language. 

Tijdschrift van het Eoninklijk Instituut van Ingenieurs.* 's Graven- 

hage 1870 & 1871. 

* The writer does not know the exact nature of these articles. 
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